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Graph and transition matrix of a Markov Chain on a two points set

Exercice 1. The auto insurance company

Watch the following video on youtube : https://www.youtube.com/watch?v=tYaW-1kzTZI&t=707s
An auto insurance company sorts its policy holders into one of two categories when the policy renewed :
low risk or high risk, depending on whether or not the holder had an accident in the past year. The
company renews its holders’ policies once a year.
Based on company data, a motorist that is currently high risk has a 60% chance of being denoted high
risk again when the policy renews and consequently a 40% chance of being moved to low risk. On the
other hand, a low risk driver has a 15% chance of moving to the high risk category and a 85% chance of
remaining low risk.

1. What is the inherent Markov chain in this description ? What are the different states ?

2. Draw the graph of this Markov chain and write its transition matrix.

3. A driver is in the low risk category during the current year. What is his probability to stay in
this category the following year ? the two following years ? The three following years ? What is the
probability to be low risk two years after (whatever the category he is the following year) ?

4. One year, 75% of the holders are low risk and 25% are high risk. What will be the percentage of
each category the following year ? Two years after ? Three ?

Exercice 2. The free throw shots

At certain time in a basketball game, a player can have the right for free throw shots. The coach analyses
the data and remark the following :

— if a player wins a shot, he/she is twice as lucky to win the following one ;
— if he loses the shot, he/she is three times as lucky to lose the following one.

1. What is the inherent Markov chain in this description ? What are the different states ?

2. Draw the graph of this Markov chain and write its transition matrix.

3. Considering that I win my first shot, what is the probability that I win the following one ? The
two following ones ? The nth following ones ? What do you remark when n grows to infinity ?

4. 50% of the players win their first shot. What is the percentage of success for the second shot ? For
the third one ? Try to obtain a result for the nth shot and look at what happen when n tends to
infinity.

5. Do the same question as the previous one considering that 80% of the players win their first shot.
What do you remark ?
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Exercice 3. Energy cost

In a private house, one has two different heating systems, a basic one and a supplemental one. We say
that we are in state 1 if only the basic one is working and in state 2 if both are simultaneously working.
If one day we are in state 1, we stay in the same state with probability

1

2
the next day ; however, if we

are in state 2, the next day the house is warm so we go to state 1 with probability
3

4
.

Let Xn be the state of the system at day n ∈ N.

1. Explain why (Xn)n≥0 can be modeled by a homogeneous Markov chain. What are the corresponding
states ? Give its graph and transition matrix.

2. Knowing that we are in state 1 on Sunday, what is the probability to be in the same state the next
Sunday ?

3. We write pn the probability that Xn = 1. Find a recurrence relation between pn and pn+1, then
give an expression of pn in terms of p0. What is limn−→∞pn ?

4. Show that if one day we are in state 1 with probability
3

5
, then it is the same for the day after.

What do you remark ?

5. Each day in state 1 cost 1, 5=Cand each day in state 2 cost 2=C. Each transition from state 1 to state
2 or the other way around cost 0, 5=C. Compute the total average cost of one day in the previous
setting.

Exercice 4.

A message taking two forms (yes or no) is transmitted through n consecutive people. We suppose that
each person conveys the correct message with probability p ∈ ]0, 1[, or transform it in the opposite with
probability 1− p. The way each person transmits the message is independent from the other.

1. Model this situation with a Markov chain on a two-points set.

2. Compute the probability that the information transmitted on the nth day is the same as the initial
message (indication : remark that (1, 1) and (1,−1) are eigenvector of P and diagonalize P ).

3. What happens when n −→ +∞ ?

Exercice 5. Markov chain on a two-points set

Let (Xn)n≥0 be a Markov chain on the two-points set {1, 2} with transition matrix :

(
1− p p
q 1− q

)
where p, q ∈ [0, 1] are fixed.

1. Draw the graph of this Markov chain.

2. We write an the probability that Xn = 1 and bn the probability that Xn = 2. Write a recurrence
relation between (an+1; bn+1) and (an; bn), then solve it (use the fact that an+bn = 1 for all n ≥ 0).

3. Study the asymptotic behavior of the probability that Xn = 1.

4. Compute the invariant probability measure of the Markov chain, that is the value of a0 and b0 for
which an = a0 and bn = b0 for all n ≥ 0. What do you remark ?
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The mathematical language of Markov chains

From enumerative combinatorics to probability theory

Exercice 1. We throw two perfect dices, one is black and the other is red. We write N the result of
the black dice and R the result of the red dice.

1. What is the set of all possible results ? We write this set Ω.

2. What is the probability to get a 2 on one dice and a 3 on the other one ?

3. What is the probability that N = R ?

4. Compute the probability that N ≤ R and that N +R = 5.

5. We write P (Ω) the set of all subset of Ω. Let A be in P (Ω) (for instance A = {N = R} or
A = {N +R = 5}). What is the probability that A occurs ?

Some intuitive exercises involving conditional probabilities

Exercice 2. A chest with three drawers T1 , T2 and T3 contains yellow, blue and green sockets with
the following repartition :

T1 T2 T3
Y 2 3 4
B 3 2 4
G 3 1 2

1. We put all the sockets together on the floor, then we pick one at random : it is blue. What are the
probabilities that this socket comes from drawer T1 , T2 or T3 ?

2. We pick a drawer at random and with equal probabilities, than pick a socket at random in it : it
is a blue one. What is the probability that this socket is from drawer T1 ? From T2 ? From T3 ?

Exercice 3. A system is equipped with a failure detector. It was noticed that :
— If there is a failure, it is detected 99% of the time ;
— If there is no failure, the detector’s alarm rings 5% of the time ;
— A failure happens 1% of the time the system is used.

1. Knowing that the alarm was activated, with which probability can we say that there was no failure ?

2. Knowing that the alarm was not activated, what is the probability that there was a failure ?
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Markov chains on a three-points set

Exercice 4. Let (Xn)n≥0 be a Markov chain on {1, 2, 3} with transition matrix (p ∈ [0, 1]) :

Q =

0 1 0
0 2/3 1/3
p 1− p 0


1. Draw the graph of this Markov chain.

2. Compute P(X1 = 1|X0 = 1), P(X2 = 1|X0 = 1), P(X3 = 1|X0 = 1), P(X4 = 1|X0 = 1),
P(X1 = 2|X0 = 2), P(X2 = 2|X0 = 2) and P(X3 = 2|X0 = 2).

3. What is the law of X1 if X0 follows a uniform distribution on {1, 2, 3}.

4. We suppose that the law of X0 is (1/2, 1/4, 1/4). Compute P(X1 = 2 and X2 = 3) and P(X1 =

2 and X3 = 2).

Exercice 5. Anna, Bruno and Carole throw a ball at each other. Anna always throws it to Carole ;
Carole throws it to both other with equal probability ; Bruno throws it one over three times to Anna,
and two over three times to Carole. For all n ∈ N, we write Xn =

— A if Anna has the ball after the nth throw ;
— B if Bruno has the ball after the nth throw ;
— C if Carole has the ball after the nth throw.

1. Draw the graph associated to the Markov chain (Xn)n≥0 and write its transition matrix Q .

2. Write, for all n ∈ N, µn = (an, bn, cn) the law of Xn .

(a) For all n ∈ N, compute a recurrence relation between µn+1 and µn.

(b) We suppose that Anna has the ball at the beginning of the game. For each players, compute
the probability to have the ball after three throws.

3. Show that (Xn)n≥0 has a unique invariant distribution π and compute it.
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Two motivations: Ehrenfest model for diffusion and Google’s Page-Rank algorithm

Google’s Page-Rank algorithm and the Perron-Frobenius Theorem

Definition 0.1 Let Q be the transition matrix of a Markov chain on a finite set E.
— We say that the matrix Q is irreducible if for all x, y in E, there exists k ∈ N such that Qk(x, y) >

0.
— We say that the matrix Q is primitive if there exists k ∈ N such that Qk > 0.

We will come back in the next chapter on the probabilistic interpretation of these definitions.

Theorem 0.1 (Perron–Frobenius Theorem) Let Q be the transition matrix of a Markov chain on
a finite set E.

— Suppose that Q is irreducible. Then there exists a unique invariant probability measure π.
— Suppose that Q is primitive. Then for any probability measure µ on E,

lim
n→+∞

µQ = π.

Ehrenfest model for diffusion and the Ergodic Theorem for Markov
chain

Theorem 0.2 (Ergodic Theorem for Markov chains) Let (Xn)n≥0 be a Markov chain on a finite
set E. Suppose that (Xn)n≥0 is irreducible with unique invariant measure π. Then for any real-valued
function f on E, one has

1

n

n−1∑
k=0

f(Xn) −→ E[f(X)] almost surely,

where X has law π, i.e.
E[f(X)] =

∑
x∈E

f(x)π(x).

Definition 0.2 What does almost surely means in the previous theorem? Simply that the convergence
holds for any realization of the Markov chain.

1



University of Pristina December 2016
Introduction to the theory of Markov Chain

Irreducible and primitive Markov chains

Irreducible vs non-irreducible Markov chains

Exercice 1. Infectious illness

An infectious illness can be catch with probability 0.05. When you catch it, you can heal with probability
p ∈ [0, 1] or have serious sequels. These sequels are associated with total immunity afterward. Moreover,
when you heal, you become immune in only 50% of the cases. 1/5 of the total population is naturally
immune.

1. Model this situation with a Markov chain. Give its graph, transition matrix and its initial distri-
bution. Is it an irreducible Markov chain ?

2. Does there exist an invariant distribution ? Is it unique ? Why ?

Exercice 2. Advertising coverage

A seller wants to fix the degree of coverage of its products in the media. He can choose between a high
ad coverage (H) or a medium one (M). Monthly sales fit in three categories depending on their number :
C1 (few sales), C2 (normal sales) and C3 (a lot of sales). The evolution of the sales can be modeled
by a Markov chain, for which the transition matrix depends on the coverage. The two matrices are the
following ones :

H : PE =

0.2 0.5 0.3
0.1 0.5 0.4
0.1 0.2 0.7

 M : PM =

0.6 0.4 0
0.4 0.5 0.1
0.4 0.5 0.1


One month of sales in category C1 (respectively C2 and C3) makes around 9000 euros (respectively 12
000 and 18 000 euros). A high coverage costs 5 000 euros per month, whereas a medium coverage only
costs 1000 per month. What is the average income per month for the H coverage and for the M one ?
What is the most profitable choice ?

Exercice 3. Insurance premium

A car insurance fixes 4 levels of premium. The basic premium is P1, except if any accident has been
recorded the year before. There are four levels of premiums, ranking as P1 > P2 > P3 > P4. If any
accident is recorded during the year, the premium decreases by one level the following year, or stays the
same if the client is already in level 4. The probability to have an accident more costly than s thousand
euros is e−s. Because of this system with different premiums, not all the accident are recorded to the
insurance company. We write s1, s2, s3, s4 the limit amount of money under which a client does not
record his/her accident, corresponding to the premium P1, P2, P3, P4 respectively.

1. Model this situation with a Markov chain, give its graph and transition Matrix. Is this an irreducible
Markov chain ?
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2. Is there a unique invariant distribution ? What is its value ? What is its significance ?

3. What is the medium average cost of this insurance policy ?

Primitive vs non-primitive Markov chains

Exercice 4. The weather in the Land of Oz

In the land of Oz, the weather can only take 3 forms : Good weather (G), Rainy (R), or Snowy (S). The
rules behind the evolution of the weather are immutable and suffer from no exception.

— When the weather is good, it will change the day after and it is as lucky that it will be rainy or
snowy.

— If it is snowy or rainy, there is one chance over two that it will not change the day after, and one
chance over four that the weather will be good.

1. Model this situation by a Markov chain. Give its graph and its transition matrix.

2. Is this chain irreducible ? Is it primitive ?

3. Compute the (potentially unique) invariant distributions of this Markov chain.

4. What is the long-time behavior of this Markov chain ?

Exercice 5. Ehrenfest model with two tokens

We consider two urns A and B and two identical tokens denoted by 1 and 2. At each step, we draw one
of the two tokens with equal probability and independently from the previous draws, and we change the
token to the other urn. At the beginning, the two tokens are in urn A. For all n ∈ N, we write Xn the
number of tokens in urn A.

1. For all n ∈ N, what are the different values that can take Xn ?

2. (a) Let k ∈ {1, 2}. For all n ∈ N, compute P(Xn+1 = k|Xn = k), P(Xn+1 = k + 1|Xn = k) and
P(Xn+1 = k − 1|Xn = k).

(b) What can we deduce on (Xn)n∈N ?

3. Give the transition matrix Q associated to (Xn)n∈N. Is (Xn)n∈N irreducible ? Is it primitive ?

4. Show that (Xn)n∈N has a unique invariant measure.

5. For all k ≥ 1, show that

Q2k = Q2 =

1/2 0 1/2
0 1 0
1/2 0 1/2

 and Q2k+1 = Q.

6. Study the convergence of µ0Qn, where µ0 is the initial distribution.

7. For all n ∈ N, what is the average number of tokens in urn A after n steps ?

8. We write T the number of steps before Xn = 2, for the first time after the initial time :

T = inf
{
n ≥ 1 ; Xn = 2

}
.

(a) For all k ∈ N, show that P (T = 2k + 1) = 0 and that P(T = 2k) = 1
2k

.

(b) Show that P(T < +∞) = 1.

(c) Show that, for all N ∈ N,
∑n

k=1
k

2k−1 = 4− N+2
2N−1 and deduce from this the expectation of T .

Interpret this result.
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